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Abstract

A general wall function treatment is presented for the numerical modeling of laminar magnetohydrodynamic (MHD) flows.
The wall function expressions are derived analytically from the steady-state momentum and electric potential equations, making
use only of local variables of the numerical solution. No assumptions are made regarding the orientation of the magnetic field
relative to the wall, nor of the magnitude of the Hartmann number, or the wall conductivity. The wall functions are used for
defining implicit boundary conditions for velocity and electric potential, and for computing mass flow and electrical currents in
near wall-cells. The wall function treatment was validated in a finite volume formulation, and compared with an analytic solution
for a fully developed channel flow in a transverse magnetic field. For the case with insulating walls, a unifo20 g€id, and
Hartmann numbers Ha {10, 30, 100}, the accuracy of pressure drop and wall shear stress predictiorj4.42s 1.6%, 0.5%)},
respectively. Comparable results were obtained also with conducting Hartmann walls. The accuracy of predicted pressure drop
and wall shear stress was essentially independent of the resolution of the Hartmann layers. When applied also to the parallel
walls, the wall functions reduced the errors by a factor two to three. The wall functions can be implemented in any general flow
solver, to allow accurate predictions at reasonable cost even for complex geometries and nonuniform magnetic fields.

O 2003 Editions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction

Laminar flows of electrically conducting fluids in a magnetic field are characterized by very thin boundary layers, especially
so along walls perpendicular to the magnetic field. These boundary layers usually determine not only the total pressure drop,
but also the overall velocity and electric current distributions in the core flow. The thickness of the boundary layers decrease
with increasing magnetic field density, and in numerical simulations the required resolution of these boundary layers quickly
becomes costly, even for rather modest magnetic fields.

A similar problem is encountered in the numerical simulation of high-Reynolds number turbulent flows, where the turbulent
boundary layers are often too thin to be fully resolved at a reasonable cost. To avoid a costly numerical integration all the
way into the viscous sublayer, one usually uses an analytic wall function (derived from the logarithmic “law of the wall”) for
interpolation between the first computational node and the wall (see, e.g., Launder and Spaulding [1]).

In this paper we propose a general wall function treatment for numerical modeling of laminar magnetohydrodynamic (MHD)
flows.

A wall perpendicular to the magnetic field will develop a so-called Hartmann boundary layer, with thickness éfof2Er
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where B is the magnetic field density, is the fluid molecular viscosity, andl its electric conductivity. This is the Hartmann
distance, over which the viscous forces balance the magnetic forces. As a non-dimensional measure of the magnetic effects on
the flow we take the Hartmann number,

h
Haz—z\/gBh, @
Ly 2

wherer is a characteristic length scale in the direction of the magnetic field. The dimensionless thickness of the Hartmann layers
thus varies as Hal. Along walls completely parallel to the magnetic field the distribution and balance of forces is different, and
the thickness of the boundary layers can be shown to vary ad/BaThese boundary layers are called side layers, or parallel
layers. If the magnetic field has components both parallel and normal to the wall, the Hartmann layer behavior will usually
dominate, and the wall-normal compondht of the magnetic field replacgs in (1) and (2).

In numerical simulations of laminar MHD flows, the Hartmann layers can usually be resolved properly only for relatively
low Hartmann numbers. For high Hartmann numbers, simulation algorithms described in the literature usually avoid resolving
the Hartmann layers by assuming an exponential velocity profile between the bulk flow and the Hartmann walls. This approach
is applicable only to the Hartmann layers, and is strictly valid only in the limit of high Hartmann numbers, for which one can
show that the near-wall velocity in the Hartmann layer varies as

U(n) =Uc(1—exp(—n/8g)), 3)

if U. is a well-defined core velocity, and is the distance from the wall [2]. Given the gradient of electric potential in the

core, the expression can be used to deduce also the transport of electric current in the Hartmann layer. This current is usually
regarded as a thin current sheet at the wall boundary, and treated together with any current flowing in the wall itself. This
high-Ha treatment of the Hartmann layers have been employed in a variety of different solver algorithms.

Bihler [3] developed a numerical procedure based on the inertia-less core approximation outlined by Kulikovskii [4]. It
is assumed that the flow in the core is governed by a balance between the pressure and Lorentz forces. This requires that the
Hartmann number is sufficiently large for viscous effects to be negligible outside very thin boundary layers, and further that the
interaction parameteV = GBzh/(pUC) is large enough for Lorentz forces to dominate over inertial effects. Buhler included
the effects of the viscous Hartmann layers using (3) and the related current distribution. The geometrical transformation used
by Bihler suffers from a numerical singularity for walls parallel with the magnetic field. In some cases a separate treatment of
these side layers allows the approximate reconstruction of a side-layer solution.

Aleksandrova [5] applied the inertia-less core approximation to the problem of buoyant convection in a closed cavity with
electrically insulating walls. The complete solution was obtained by matching separate solutions of the flow in the core, in the
Hartmann layers, and in the side layers. The asymptotic relation (3) was used for the Hartmann layers, while the solution in the
side layers was obtained by numerical integration.

Tagawa et al. [6] used a traditional finite-difference scheme for three-dimensional simulations of buoyant convection in a
rectangular geometry. The asymptotic relation (3) accounted for friction and currents in the Hartmann layers, while the side
layers were numerically resolved.

Leboucher [7] proposed a monotonically stable finite-difference scheme, with a fully staggered arrangement of velocity,
pressure and electric potential. The algorithm was used for three-dimensional time-dependent simulations of unstable duct
flows. As other authors, he applied the asymptotic relation (3) and the current sheet approximation for the Hartmann layers,
but resolved the side layers numerically. Leboucher’s stability analysis can be used in modified form to examine the stability
properties of the collocated variable arrangement used in the present paper.

In this paper we propose a more general wall treatment for numerical simulations. Wall functions for velocity and electric
potential are obtained by analytic integration of the steady-state governing equations, making use only of the local numerical
solution. No assumptions are made regarding the orientation of the magnetic field relative to the wall, nor of the magnitude of
the Hartmann number, or the wall conductivity. The wall functions are used in the specification of wall boundary conditions,
but also for calculation of mass flow and electric currents in the near-wall cells. For demonstration and validation purposes the
wall functions were implemented in a simple two-dimensional finite-volume algorithm. The wall function procedure as such is
independent of the underlying discretization scheme, and should be easy to implement in most commercial flow solvers.

The wall function equations are derived in Section 2. In Section 3, numerical predictions are compared with an analytic
solution for the case of fully developed duct flow in a transverse magnetic field. Details of the wall function treatment and its
numerical implementation are summarized in Appendix A. The analytic solution used for validation is outlined in Appendix B.
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2. Theory
2.1. Governing equations

With spatial coordinatex and timer, the Navier—Stokes and continuity equations for the velocity fléigk, t) of an
incompressible and electrically conducting fluid are

dpU; . dpU; 9P 9 ( A
U 2 () + ek B 4
a0 T UTx; T Tam oy Moy, ) Tk @)
aU;
- =0, ®)
0x;

whereP (X, t) is the pressure fielg; is fluid density,u the fluid dynamic viscosity, ang; the alternating permutation tensor.
The last term in (4) is the magnetic Lorentz force, governed by the Maxwell equationsBHg&re) is the magnetic flux
density, and the electric current densify(x, ¢) is given by Ohm’s law,

0D
Ji =0<—— +EiklUkBl>v (6)
ax;

whereo is the electric conductivity of the fluid, and is the electric potential. In the absence of free charges, the electric
current density is divergence freg,- J = 0. If the electric conductivity is uniform, the divergence of (6) yields

32 3
——— =€k =— (U, By). 7
% 0x; €ijk 8x,~( j ) (7)
If the characteristic length and velocity scales of the flow /ar@nd vq, respectively, the magnetic Reynolds number is
defined as

Ry = peovoh, (8)

where u. is here the magnetic permeability. In the following we will assume #Rat<« 1. This allows the use of the
inductionless approximation, in which any distortion of the magnetic field by the fluid flow is assumed to be negligible. As
a consequence, the magnetic flux denBity (4), (6) and (7) is given by the external magnetic field.

2.2. Near-wall analysis

Apart from the momentum and pressure equations, we will assume that a numerical simulation solves an equation for the
electric potentiatd in the whole domain. Gradients of pressure and electric potential are computed from the solution. Near-wall
model expressions of velocity and electric potential can then be obtained by analytic integration of the momentum and potential
equations.

We consider a steady and approximately parallel flow close to a wall boundary with unit normalrvgobanting into the
flow. Letn be a coordinate along this normal vector, such that0 at the wall, and: > 0 in the boundary layer. The velocity
can be decomposed into components norgmabnd paralle(p) to the wall,

U=U, + Up, 9)
where

U,=U-nn=Uy,n, (20)

Up=U—(U-nn. (11)
We decompose the current density and the magnetic field in the same way,

J=dn+Idp=hn+d—-Jpn), Jpy=J-n, (12)

B=B,+Bp=B,n+(B~-Byn), B,=B-n. (13)

In an arbitrary Cartesian coordinate system, we look at the momentum equation for the velocity parallel with the boundary,
U,, and use the superscripto identify its Cartesian components. If we neglect diffusion parallel with the walls as well as
convection terms, and apply the decomposition above, Eq. (4) reduces to

B
on

aU;’ i i i
n ) =C' = Qn xBp)' = 3p x B, (14)
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where
C' = (VP —n(VP-n)) (15)

is thei-th component of the wall-parallel part of the pressure gradient. Near the@{aten be assumed independent of wall
distance.

Excluding convective terms from (14) is consistent with the assumption that we are sufficiently close to the boundary for
the flow to be approximately parallel/f < Uj). In the author’s opinion, this is a necessary requirement in the region where
boundary conditions are applied; if convective effects were to be significant here, they could hardly be fully accounted for by
including the convective terms, in simplified form, in the integration of (14).

In (14),J, x B, is the term traditionally associated with a Hartmann layer, wljlex B, is the Lorentz force found in
a parallel layer. It follows from the definitions (12) and (13) tatx B, = 0. Note that generally, x B, # 0; J, andB),
lie in the same plane, but are not necessarily parallel. Their vector product is however always normal to the wall, and does not
contribute to (14).

In order to obtain an expression for the velocity profile in the boundary layer, we have to write the two Lorentz force terms
in a form which allows (14) to be integrated.

2.2.1. Hartmann layer term
Using (6) and the decompositions above, we find for the Hartmann layer term

Jp X Bp) =—0By (VO x ) — o B2U',(n) + 0 By Uy () BY,. (16)

If the wall is insulating, the electric potential gradient parallel with the wel; x n, can be assumed constant during
integration of (16) [2]. This holds approximately true also in the corner region, although current is injected into the Hartmann
layer from the side layer. The assumption of constadt x n is accurate as long as the density of curigitcted into the
Hartmann layer is negligible compared with the density of current transported in the Hartmann layer (dixen. by

If the Hartmann wall is conducting, the current is transported in the wall itself, rather than in the boundary layer. In passing
through the boundary layer, electric currents injected from the core and the side layers will cause the electric potential to change
linearly with wall distance, due to Ohm'’s law. If the injected current varies along the wall, we must expect also the tangential
potential gradien¥® x n to vary linearly with wall distance. For the integration of (16) we will therefor adopt the following
general linearization of the tangential potential gradient term:

E'=0B,(V® xn) = E{ +nE}. 17

The second term in (16) contaiﬂg; itself, and can be integrated as it is. The third term is proportional to the wall-normal

velocity component/,, rather than the wall-parallel velocity. Generally, « Up, and near the walU; ~ O(n?), while
Up ~ O(n). The third term is therefor small in comparison with other terms in (14), and will be neglected in the following.

2.2.2. Parallel layer term
The Lorentz force term acting in a parallel layer can be written
(3 x Bp)' =—Jn(n)Di, (18)
where
Diy = (B xn). (19)

In the case of insulating wallg;, = 0 at the walls, and must remain small in the vicinity of the wall. This explains why (18) is
very quickly dominated by the Hartmann terms in (16), uniggs= 0, or at least3, < B),.
In order to integrate (18), we need to find an expression for the profilg @ in the boundary layer. From (6) we can find

0D
Jn=—08—+an~(Up><B,,), (20)
n

but this only illustrates that,, is the small difference between two large terms on the right-hand side, both of which will vary
rapidly in the near-wall region. Instead we look at the electric potential equation (7), which can be written

32 d
o +V2p=n. 5 (Up X Bp) + V- (Up x By) +Vp - (Un x Bp), (21)
with the wall-parallel gradient operator
a
Vp=V-—-n_—. (22)

on
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Fig. 1. Profiles of wall-normal current density (solid line) and velocity (dash-dotted line) in the center plane of a parallel layer (analytic solutio
in Appendix B; Ha= 50, y = 0). In the left figure, all walls are insulating. In the right figure, the side walls are insulating, but the Hartmann
walls are perfectly conducting. The thin solid line shows a linear approximation of current density, using the true gradient at the wall.

The two last terms in (21) can be neglected, not only because gradients parallel with the boundary should be smaller than a
gradient in the normal direction; we also note thigt< U, (last term), and that the parallel layer term can be significant only

if B, < B). Recognizing the normal derivative of (20) allows us to write
(23)

The variation of the wall-normal current in the boundary layer is thus related to the “wall-parallel Lapla‘@ﬁa)rﬂf(the electric

potential. This suggests that the near-wall profile/pican be expected to be more regular than the profile of individual terms

in (20).

To illustrate the situation, consider a fully developed flow in a square duct (this is the model problem treated in Section 3).
The flow is in thex direction, with a transverse magnetic field in tha&irection. The duct walls are located = +£1 and

z = =1, the former will develop Hartmann boundary layers, and the latter parallel boundary layers. For this case there are
analytic solutions for the velocity and current densities, as described, e.g., by Miller and Biihler [8] (see Appendix B). Fig. 1
shows the profiles of velocity and wall-normal current density in the center plane of a parallel layer£ds®{according to

the analytic solution. In the left figure, all walls are insulating. In the right figure, side walls are insulating, but the Hartmann
walls are perfectly conducting. In the latter case, the current density in the core is much higher, and most of the mass flow is
concentrated in wall jets in the parallel layers.

Although the velocity profile and core current density is very different in the two cases, the profile of wall-normal current
density in the boundary layer does not change much. Sufficiently close to the wall the profile of the wall-normal current density
is approximately linear. It appears that even a rather moderate grid resolution would place the first computational node close
enough to the wall for a linear approximation ff(n) to be acceptable in a wall function.

In the following we assume that an estimatefor the gradient of the wall-normal current density can be computed from
the numerical solution, and that the currdigy into the wall is known (or given by the solution). For integration of (18), we

can then take

Jn(n) = Jwall +ndy. (24)
2.2.3. Wall function equations
With (16)—(18) and (24), we can now write (14) as
(25)

9 (2% _ i 4 pi s dy) + Eh+n EL + 0 B2U!
n Ma—n =C" + Dp(wal+ndy)+ Eg+nEj; +0B,U,.
If the wall shear stress i = M(BU},/an)(O) (a priori unknown), and with zero velocity (“no-slip”) at the wall, Eq. (25)

can be integrated to give an expression for the wall-parallel component of the velocity in the boundary layer,

: 2
; Sy sinh(n/8g) : ; N n
Upn) = r’T—f—(C’—FJWa”D%—i—Eé)? cos o -1
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+(d; Dl + Ei)% (sinh<i> - ) (26)

Su)  om
whereé g is a local Hartmann length scale defined in terms of the wall-normal component of the magnetic field,

1 /p
Sy = —. 27
H IBnI'/<7 (27)

This local definition means thaydy = 0 in a parallel layer, whers,, = 0. For this case, and wheh= 0, Eq. (26) has a limit
value. For smalB,, one can instead use a series expansion ab@yf £+ 0 (see Appendix A).

Eq. (26) can be used for defining implicit velocity boundary conditions in a numerical simulation; see Appendix A for details.
For completeness, the formulation of the velocity wall function equations in Appendix A also allows for a non-zero tangential
wall velocity; although not exploited in the present paper, this could be of interest to colleagues dealing with free-surface flows.

Eq. (26) can be integrated to yield an expression for the average parallel velocity in the near-wall region,

77l 1 [ [ () /
U;,(n)E;/U;,(n ydn'. (28)
0

In order to accurately predict the current production in the unresolved near-wall region of a numerical simulation, the average
velocity should be used for computing the source term in the electric potential equation, as well as for computing the total
current density and the Lorentz force.
The near-wall profile of the electric potential can be derived from (20), which is first rewritten as

9P 1 1

— =—=Jpu(m)+(Up xBp) -n=—=Jy(n)+ (B xn) Uy, (29)

on o o
We integrate this expression, assumg constant over integration, and using the linear model (24) of the wall-normal current
density. With the definition (28) of average parallel velodity, the result can be written

nJwall nzdj
20

where @5 = @(0) is the electric potential at the wall. This expression can be used to coradsgeriori the electric
potential at an insulating boundary, or to define implicit boundary conditions in the case of a conducting boundary.

D (n) = Pyall —

+ B xn)-Upn), (30)

3. Numerical predictions

For demonstration purposes, the wall functions derived in Section 2.2 have been used for numerical simulation of a fully
developed flow in a square channel, with channel half-widaind cross-section area= 442. The coordinate system is chosen
so that the flow is in the direction, with a transverse magnetic field in thdirection; see Fig. 2. The duct walls are located at
y = +h andz = £h; the former will develop Hartmann boundary layers, and the latter parallel boundary layers. Numerically

predicted pressure drop and wall friction coefficients were compared with analytic solutions available for this geometry. The
analytic solutions are described in Appendix B.

Hartmann wall

\/

U®

Side wall
Side wall

Hartmann wall

Fig. 2. Square duct geometry and coordinates.
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The flow solver uses finite volume discretization with collocated primary varidblasd® stored in cell centers. The grid
is orthogonal, but not necessarily uniform. Electric currents and source terms for the electric potential equation are consistently
computed on cell faces to guarantee conservation of electrical current. The current density contribgti@sndo U x B in
cell centers are computed separately as averages of facial values. See Appendix A for details on the finite volume representation
of the proposed wall functions.

To improve the convergence for large Hartmann numbers, the velocity and electric potential equations are solved
simultaneously, with the source terms in the bulk defined implicitly in both equations. Inter-variable references in the wall
boundary conditions are however still defined explicitly and iterated. The use of the cell average velocity for codpuing
on the faces of near-wall cells also gives rise to an explicit correction of the source terms in both velocity and potential equations.

We define Reynolds and Hartmann numbers as

__ pUnh
oo

Ha= \/EBh, (32)
"

whereU,, is the mean velocity in the cross-section. All calculations below are fee R@O.
In the simulations, the constant pressure gradieatdP /dx is adjusted to obtain a desired mean velog€ity, or massflow
Q = pAU,,. The net Lorentz force (per unit length) over the cross-sectionAtisa

Re \ (31)

Fp = /(J x B) - dA, (33)
A

and the contribution of the Lorentz force to the total pressure drop isRhYEC A). The total wall friction can be expressed in

terms of a non-dimensional friction coefficient,
[Tm | [-CA— Fy|/(8h)
Cf = ’; = 2 , (34)
Ui /2 Ui /2

wherert,, is the mean wall shear stress along the perim@er of the channel.

3.1. Insulating walls

In the case of insulating walls, the electric currents close in the flow domain. This means there is no net Lorentz force in a
cross sectionK;, = 0), and the wall friction alone is responsible for the pressure drop.

Table 1 shows numerically predicted friction coefficients obtained with the new wall functions, compared with the
coefficients obtained with conventional linear interpolation to the wall. The grid is uniform,2f The numerical predictions
c’}“m are shown relative to the valueé.” obtained from the analytic solution (see Appendix B). With conventional linear
interpolation to the wall, the predicted wall shear stress deteriorates with increasing Hartmann numbers. With the proposed wall
functions the result is typically within 1-8% of the analytical values. The reason the error is large$t6%) for Ha= 30 is
the linear discretization between the first and second nodes (the first node is in the Hartmann layer, the second in the core). The
wall function prediction is better than the linear interpolation also foeHa because the series expansion of the velocity wall
function contains also a quadratic term proportional to the pressure gradient.

Fig. 3 shows how the accuracy of the predicted friction coefficient depends on near-wall grid resolution of the Hartmann
layer. The thickness of the Hartmann layer is proportional to the Hartmann distgnee: /Ha, which is used here to scale the
near-wall grid sizeAy. Without wall functions (left), the relative error of the friction coefficient increase with grid size. With
the proposed wall function in the Hartmann layer (right), the accuracy is virtually insensitive to grid resolution. Without wall
functions at least 5-6 grid cells are required inside the Hartmann layer to obtain a comparable accuracy.

Assuming the wall function treatment is applied at Hartmann walls, Fig. 4 shows the benefit of using the wall functions also
for the side layers. Either way, the accuracy depends on the resolution of the boundary layers at the side walls. Without wall
functions, however, the grid resolution must be doubled to obtain the same accuracy as with the wall functions. With the same
grid, the wall function treatment reduces the error by a factor of two.

The two graphs in Fig. 5 show predicted local wall shear stresses along Hartmann and side walls, respectively, in comparison
with the analytic solution (Ha= 100, uniform grid 20 20). The wall functions allow very accurate prediction of the local wall
shear stress, even with on this coarse grid. The error is highest for corner cells (far left in the second graph), which have one
face at a Hartmann wall, and one at a side wall. This error diminishes rapidly if the resolution of the side layer is improved, and
the error is too small to justify any special treatment of the corner region.
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Table 1

Numerically predicted friction coefficient§"™, relative to values
¢2" obtained from the analytic solution (see Appendix B), for
a number of different Hartmann numbers. The grid is uniform,
20 x 20. The left column is for conventional linear interpolation
to the walls, while values in the right column are obtained with the
analytic wall function

Ha Friction coefficientc'}”m/c?”

Linear interp. Wall functions

0 0.990 1000
10 0905 1011
30 0596 1016
100 Q228 Q995
1.05 : e : . 1.02
(Ve 7 1 @
...... O
im PR AN 7 S O
* 0.98 e o
5. 095 % 5
§ * s 096
= = o+
5™ 0.9 t S~
' 0.94f
y *- Ha=30
085 & s 100 0.92f —
%+ Wall func. (Ha=30) : -+ Linear int. (Ha = 100)
@ Wall func. (Ha=100) @ Wall function
0.8 ———5%5 0.9 :
0 1 2735 10 15 20 0 5 10 15 20
Ay/ 8H Az/ SH

Fig. 3. The graph shows how the near-wall grid size in the Fig. 4. Accuracy of predicted friction coefficients, ver-
Hartmann layers affect the accuracy of predicted friction sus near-wall grid size in the parallel layers (Hal00).
coefficients. The near-wall grid sizAy is scaled by the  Near-wall grid sizeAz is scaled by the Hartmann distance
Hartmann distancéy = h/Ha. Note the broken horizontal §y = h/Ha. Results are obtained with standard linear interpo-
axis. Results on the left are without wall functions, using lation and with wall functions, respectively, at the side walls.
local grid refinement to resolve the Hartmann layers. The In both cases wall functions were applied at the Hartmann
results on the right were obtained with the proposed wall walls (20 cells iny direction, Ay/§y = 10).

functions applied in the Hartmann layer (but not in the side

layers). All calculations used 20 grid cells in thalirection

(Az/6y =10).

Fig. 6 shows the&J velocity profile (left) and the profile of wall-normal current densityin the side layer for Ha= 100
(center of channely = 0). Both velocity and current density are accurately predicted with the wall functions. The short-comings
of standard linear interpolation are seen here as a very different velocity profile (the mean velocity is fixed), and a dramatic
under-prediction of current density in the core.

Application of the wall function for electric potential gives only a rather small improvement of accuracy (typicyfor
a final accuracy of the pressure drop in the rangetd 16%). It may however be convenient for defining implicit boundary
conditions in the case of finite wall conductivities, where the electric solution in the flow must be matched to a solution for the
currents in the walls.

3.2. Conducting Hartmann walls

In this case currents generated by the flow can close in the Hartmann walls, rather than in the Hartmann boundary layers. The
total pressure drop is dominated by the Lorentz force, and the flow is characterized by wall jets in the side layers, which carry
a large part of the mass flow. The current is generated mainly in the wall jets, and the accuracy of the pressure drop prediction
thus depends on the resolution of the wall jet.
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Fig. 5. Numerically predicted local wall shear stress along Hartmann walls (left) and side walls (right) ferl&@, obtained with wall
functions (0), and with standard linear interpolation (+). The solid lines represent the analytic solution. The wall shear stress is scaled by the
dynamic pressuer,%/Z.
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Fig. 6. Center-line velocity (left) and current density (right) profiles in the side layer for @0 (y = 0), as predicted with wall functions and
with linear interpolation, respectively (uniform grid 2020). Solid lines show the analytic solution.

Table 2

Numerically predicted pressure drops, Lorentz forces, and friction coefficiHf§ relative to values obtained

from the analytic solution. The second column shows the contribution of the Lorentz force to the total pressure
drop. The grids were chosen to resolve the wall jets in the side layers with 10-12 cells. In the first two cases the
grid was uniform; 20x 20 for Ha= 10, and 20x 30 for Ha= 30. For Ha= 100, the 20x 20 grid was refined by

a factor two in the; direction near the wall (corresponding to a:2@0 grid in the region of the wall jets)

Ha (%)an (%) Linear interp. Wall functions
chum leum C;'fum cnhum qum C;Ifum
can Fan A can F& A
L f L S/
10 71 Q972 Q985 Q938 Q997 Q992 1010
30 87 0963 Q980 Q855 Q996 Q994 1014
100 93 0966 Q975 Q837 Q994 Q993 1007

Table 2 shows numerically predicted pressure drops, Lorentz forces and friction coefficients. The wall function calculation
of average velocity in the near-wall cells significantly improves the prediction of mass flow and current generation in the side
layers, and the wall functions remain essential for a correct prediction of wall friction.

Similar to the case with isolating walls, the solution is rather independent of the resolution of the Hartmann layer. For the
parallel layers, Fig. 7 suggests that the improvement of accuracy obtained with the wall functions is at least as important as for
the insulating case.
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Fig. 7. Accuracy of predicted pressure drops and friction coefficients, versus near-wall grid size in the parallel layet®QHa&Results were
obtained with standard linear interpolation and with wall functions, respectively, at the side walls. In both cases wall functions were applied at
the Hartmann walls (20 cells indirection,Ay /8 = 10).
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Fig. 8. Numerically predicted local wall shear stresses along Hartmann walls (left) and side walls (right), in case of perfectly conducting
Hartmann walls and Ha 100. Results were obtained with wall functions (0), and with standard linear interpolation (+), respectively. The solid
lines represent the analytic solution. The wall shear stress is scaled by the dynamic me&,%lﬂe

Due to the wall jets, the wall friction is larger in the side layers than in the Hartmann layers, as shown in Fig. 8. The effect
of the wall functions is however still strongest for the Hartmann layers.

Fig. 9 shows the velocity profile (left) and the profile of wall-normal current density in the side layer ferl8a (y = 0).

Since the flow resistance is dominated by the bulk Lorentz force, the effect of the wall boundary conditions on the bulk velocity
and current distributions is not as striking as in the case of insulating walls.

Leboucher [7] computed the same case using the high-Ha exponential profile (3) for modeling of the Hartmann boundary
layer. For the case Ha 100 and uniform gridsVy x N; =8 x 32, 16 x 64 and 32x 128, Leboucher reports prediction
accuracies of 7%, 2% and3Y, respectively. With the wall function treatment proposed in the present paper, the accuracy of
pressure drop predictions is496 already on the coarsest gridX82).

The stability analysis of Leboucher [7] showed that the numerical stability of a standard staggered arrangement of variables
depend on the grid resolution perpendicular to the magnetic field. The corresponding condition for monotonic stability was
found to beAz/8y < 2+/2. The criterion for stability thus varies as H although the thickness of the parallel boundary layer
varies only as Hal/2. Leboucher’s analysis can easily be modified for the collocated variable arrangement used in this paper,
which yields the conditiom\z/8g < 2. In this paper (as well as in Leboucher’s) there are signs of instability only in the case
of conducting Hartmann walls: the case of H400 and a uniform grid 2@ 20 was stable when the wall functions were used,
but showed weak oscillations near the corners with standard linear interpolation. For thisc¢gage= 10, which is five times
higher than the formal monotonic stability criterion.
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Fig. 9. Center-line velocity (left) and current density (right) profiles in the side layes @), for perfectly conducting Hartmann walls and
Ha=100. Results obtained with wall functions (0) and linear interpolation (+), respectively. Solid lines show the analytic solution.

4. Summary and conclusions

In this paper a general wall function treatment is proposed for numerical modeling of laminar MHD flows. The wall function
expressions are derived analytically from the momentum and electric potential equations, making use only of the local numerical
solution. The derivation is simplified by the decomposition of vectorial quantities into components parallel and normal to the
wall boundary. No assumptions are made regarding the orientation of the magnetic field relative to the wall, nor of the magnitude
of the Hartmann number, or the wall conductivity.

The velocity wall function is used not only for defining the velocity boundary condition, but also for accurately computing
U x B on the faces of near-wall cells. This is essential for an accurate calculation of the Lorentz force and the source term in
the electric potential equation.

The wall function treatment has been validated in a simple two-dimensional finite volume formulation. The test case is a
fully developed duct flow in a transverse magnetic field, with insulating parallel walls, and Hartmann walls either insulating or
perfectly conducting. For this case numerical predictions could be compared with an analytic solution.

With the wall functions, the accuracy of predicted pressure drop and wall shear stress becomes essentially independent
of the resolution of the Hartmann layers. When applied also to the parallel layers, the errors are reduced by a factor two to
three. With a conventional treatment of the parallel walls, the grid resolution of the parallel layers would have to be doubled or
tripled to obtain a comparable accuracy. For the case of insulating walls and Hartmann numbers from 0 to 100, a uniform grid
Ny x N, =20 x 20 gives an accuracy of pressure drop and wall shear stress predictions wittiroflthe analytic solution.

Similar results are obtained for the case of conducting Hartmann walls, as long as there is reasonable resolution of the wall jets
in the parallel layers)X; up to 40 for Ha= 100).

The wall function for electric potential (Eg. (30)) proposed in this paper offers only a rather small improvement of accuracy
(typically 0.2%, for a final accuracy of the pressure drop in the ran8d®16%). It may however be convenient for defining
implicit boundary conditions in the case of finite wall conductivities, and matching to a solution for the currents in the walls.

The results shown here are for a simple geometry, for which analytic solutions can be used for validation. The treatment has
recently been successfully implemented in an in-house MHD module for a commercial flow solver. This will allow extensive
tests to be made also for more demanding configurations.

The wall treatment presented in this paper is different from other methods described in the literature, in that the derivation
is equally valid for all values of the Hartmann number, and in that it considers also the effects present in parallel layers. The
formulation is strictly local, and independent of the direction of the magnetic field. The wall functions can be easily implemented
in any general flow solver, to allow accurate predictions at reasonable cost also in complex geometries and nonuniform magnetic
fields.
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Appendix A. Summary of wall function equations

A.l. Velocity

The local Hartmann length scale is defined in terms of the wall-normal comp@pesftthe magnetic field,

1 jp
Sy = —. 35
BV o 3

For practical reasons, we define also the inversiof

1
ky=—. (36)

SH
The wall-normal current density is assumed to vary linearly with gradignb the unresolved near-wall region. Jf,5 is
the current density through the wall, avg(n p) is the wall-normal current density in the first computational negein the

flow (as given by the solution), the gradient is estimated as

_ Jn(np) — Jwall

dy (37
np
Let n be a unit vector normal to the wall (pointing into the flow), and define
C'=(VP—n(vP-m), (38)
Dy = (B x ny, (39)

where the magnetic field and the pressure gradient are taken in the first computational node. Further assume that the near-wall
variation of the electric potential gradient can be linearized such that

E'=0B,(V® xn) = EL +nEj. (40)

The way Jyal, Eé and E’1 above are determined depends on the electric properties of the wall. For an insulating wall
Jwall = 0, and the wall-parallel gradient of electric potential is approximately constant. We can then write

Ej=E,,  E;=0, (41)

whereEj; is the value computed with the potential gradient in the first computationalmedep.
For a perfectly conducting wall, the electric potential has a constant value (and zero parallel gradient) at the wall, and we
instead take
, . E
EL=0, El =——. 42
0 155, (42)
With zero velocity at the wall, the wall current can be calculatedgg = —o (3@ /3n)(0). (In this case Eq. (37) is likely to
produced; =0.)
For the general case of finite wall conductivity, we assume that the numerical solution in the fluid is somehow coupled to a
solution of the electrical equations in the wall. The wall currégy) should then be available as part of the coupliag.and

E’1 can be calculated frorﬁj}, and the parallel gradient of electric potential computed at the wall itself.
If z/ and U\j'v | are thei-th Cartesian components of the wall shear stress and the tangential wall velocity, respectively, the

al
components of velocity parallel with the wall is given in the near-wall region by
Up(n. 7', Ubay) = Fr T + fu Uy + £E ), (43)
where
sinhnkgy)
Sr(n)= L LS (44)
[729:1
fu(n) =coshnkg), (45)
: : : . coshinky) —1 : sinh(nkg) —nky
f&m)=(C" + Jwan Dy + EG)T + (dy Dy + EQ)T (46)
H HK gy

The split into functionsf, fy (scalars) andfé (vector) is useful for defining implicit velocity boundary conditions (see

Appendix A.3). Since the present paper considers only “no-slip” wazu\gdﬁ = 0), the functionfy; is never used. Itis included
here for completeness.



O. Widlund / European Journal of Mechanics B/Fluids 22 (2003) 221-237 233

The wall shear stress can be computed from the obtained solution as
o= (U 1p) — fy (1p) Ul — fenp), (47)
Sfr(np)

whereU;', (np) is the predicted parallel velocity in the first computational neden p.
The average velocity in a near-wall regiord®: < n’, such thak’ < np, is computed by integration of (43),

n

Ui = i/U;',(n)dn=r

n'
0

;coshin’ky) —1 sinh(n’ky) —n'ky

+ (C' + Jwall Dy + Ep) 3
12200974

1.2
un'ky

/ i H i
coshn'ky) —1 n )+ i sinh(n'kg) (48)

+(d; Dy + Ell)( wall ™

4 a 2
un' ki 21k

with ¥ given by (47). It is important not to extrapolate the integration beyond the pgintsed in (47), because the function
(43) may produce unphysical valuesif, for n > np (see Appendix A.3).

Eqgs. (44), (46) and (48) have limit values whiep — 0, i.e., whenB,, — 0. For sufficiently small values dfy; one can
instead use a series expansion aligut= 0. As a local criterion for when this is applicable one can use

npky <e, <1, (49)

wheren p is the wall distance of the first computational node.
If all terms of order(n k;;)* and higher are truncated, we have

3,2
n n k
frn)y=—+—1, (50)
2 6
1
fun) =1+ Enzkﬁ,, (51)
2 4,2 3 5,2
L) = (C' + Jwan Dy + EB) [ — + =L dyDh + EN — + — ). 52
fem =(C"+ JwanDp + 0)<2M+ T >+( 1Dy + 1)<6M+ 120, (52)
The truncated series expansion of the mean parallel velocity (48) is
_. . / n'3 k2 . . . /2 n'4 k2
U ) = 1 n H Cl 4+ Jon D' EL( =— H
p(n) ‘E<2M+ 240 +( + JwallDg + 0) 6M+12QU.
N AL ' 12,2
+(dJD%-I—E’l)(m-l—W)—i—U\iva”(l—i—én/ kH). (53)
A.2. Electric potential
The near-wall profile of electric potential is described by
nJ\ nd —
B(n) = Dy — —A Y 4 Bxn)-Uym), (54)

20

where®,,5 = @(0) is the electric potential at the wall, am_q, (n) is the mean parallel velocity (48).

How this expression is used in a numerical simulation depends on the electrical properties of the wall boundary. For
insulating walls one can use a simple zero fla@(dn = 0) boundary condition for the electric potential equation, and (54)
could be used to computg,, from the obtained solution (i.e®(np) andUp (n p) in the first computational node).

For a perfectly conducting boundary the wall potentbg)y is supposed to be known, and (54) could be used to define an
implicit boundary condition, in the same way as for the velocity (noting fhat = (0P /9n)ya) whenUyg = 0). This allows
Jwall to be computed from the obtained solution.

For a boundary with finite conductivity the complete expression (54) can be used to match the solution in the flow with a
solution in the wall itself.
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A.3. Notes on implementation

For an example of how the wall functions can be implemented in a numerical solver, we assume here a steady-state finite
volume discretization with collocated variables, so that both pressure, electrostatic potential, and velocity components are stored
at cell centers. We further assume a grid such that the first control volume has its westdatiee wall and its center &, as
shown in Fig. 10. The area of the west facetig, and its normal vector is. We assume the solver solves a generic transport
equation, which for a variabl@ can be written on the form

V- (pUQ-TVQ)=S§, (55)

wherer" is the relevant effective diffusivity of the variable. The source t8risiusually linearized a$ = S, O + Sy, . Integration
over a control volume yields (using Gauss’ law)

/(pQU—FVQ)~dA=/SdV, (56)

with dA pointing out of the control volume.
We apply (56) on th&/ momentum equation for a cell next to a no-slip wall witk- ey, and wall distance p . The integral
over the west face, withAl= —ey A, yields

U AU
/(pUU—,uVU)~dA=(pU(—V)—i—MW)Aw:uEAw:Awrw. (57)

w

But from (47) we have

w = ﬁ(vp op) = 18 p). (58)
so that
/(pUU—uVU>~dA= 2 Upp) - £ 0p). (59)
iy fp)

This is implemented in the discretized equations by setting the corresponding matrix coefficiehthe face at the wall to
zero, and modifying the source terms for the first near-wall cell,

ay =0, (60)

Sp<S§ (61)

[ ]
)
i
[ E.
| * |
| I >
1 0 np e ng
Fig. 10. Discretization of near-wall cells. Fig. 11. Calculation of average parallel velocity in a

near-wall cell.
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Awf& p)
frp)

For an accurate calculation of the total current density and the electric potential source term in the near wall cells, it is
important to use a cell average velocity computed with the wall function for calculatith>oB on the cell faces. Naively
using the velocity stored in the cell center would overestinihte B. The calculation of cell average velocity in this paper is
illustrated in Fig. 11. It is tempting to use the average velocity expression (48) integrated over the whole cell. The velocity wall
function may however exhibit under- or overshoots beyond the cell centet p. Instead we use (48) for the averakie in
the inner half of the cell, and a linear interpolation toward the neighboring cell opposite the wall boundary for the &yerage
in the outer half of the cell. With the notation in Fig. 11, is the parallel velocity at the east face=£ n.), interpolated from
the cell center value8 p andUFg . It is practical to treat the cell average velocity as proportiondl 4o

Uav= favUp, (63)

where

Sy < Sy + (62)

Ur+Up |Upnp)l+ Up +Ue)/2
2 2 '
For cells facing more than one wall boundary (presumably a corner), fagiptave simply been multiplied in this paper. The

factor fay is set to unity immediately before a new iteration, and updated when velocity boundary conditions are set. When
electric potential source terms and total currents are computed, Eq. (63) is used to compute the cell average velocity.

(64)

Uav=

Appendix B. Analytic solution for rectangular channel flow

For fully developed flow in a rectangular channel with insulating or perfectly conducting walls, there exists analytic solutions
which can be used for validation of the wall function predictions. We here use the solutions, as described by Miiller and Bihler
[8], for the case of insulating walls, and for the case where the Hartmann walls are perfectly conducting.

The flow is in thex direction, with streamwise velocity(y, z)e,. The external magnetic field is in thedirection, and the
problem is scaled so that the channel half-widtn this direction is unity & = 1), with Hartmann walls located at= +1.

The channel half-width perpendicular to the magnetic field, iwith side walls at, = +d. The velocity scale is

h2(—3P/dx)
npp=—"--"7T7"7,
"

with which the magnitude of the uniform pressure gradient evaluates to unity. The external magnetic field is scaled with itself,
and the total magnetic field is decomposed as

(65)

R
B=e —Db, 66
v+t 1a (66)

where the magnetic field induced by the fldw,is scaled byr,, /Ha. The only non-zero component of the induced field is in
thex direction, so thab = b(y, z)e,. The current density can then be written as

. 1 1 /ob ab

J:—beexz— —ev——ez . (67)
Ha Ha\az *  ay

The solution is obtained by expanding the velocity and the induced magnetic field into Fourier series,

e¢]

w= Y ui(y)cosiz), (68)
i=135
o
b= Y bi(y)cosx), (69)
i=1,3,5
with
i

For the case of insulating walls, let
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o 2sin(x;d)

= , 71
== (71)
y E,/Ha2+4)ul~2, (72)
1
Piip = E(Ha:': v)s (73)
ail‘z = Sinl’(pil,z)- (74)
The Fourier coefficients for velocity and induced magnetic field are then found to be
ki fi(y)
u;(y) = —= [1 - ] 75
A A (75)
ki [ 8i(y)
bi(y) = —[ ] 76
iy )\iz JA0) (76)
where
fl(y) =ai2 COS}T[’il)’) _ail COS}TPigY)» (77)
gi (¥) = aj, Sinh(p;; y) — a;; sinh(p;, ). (78)
Due to (67), derivation of (69) and (76) gives the current density components as
1 oo
=" 2 biO)ksinG2), (79)
i=135
1 o iy
o= Y cos2;2)., (80)
Ha, ‘%5 &
with
ab; ki [ agi ad
i) _ _,2[ g/ y} (81)
dy Ll fiD
9gi ()
5—y = piy @i, COSH(piy ¥) — pi,iy COSHpi,y), (82)
The flow rateQ is found by integrating the velocity profile over the cross section,
X k2 Fi (1)
0=2d —’2[1— ’ ] (83)
=135 fih
where
1
Fo= [ 1o (84)
0

For large values of , both numerators and denominators in (75), (76), (83) and (81) grow exponentially, and this can cause
numerical problems in the evaluation. This is avoided if both numerators and denominators are multiplied by the ¥actor e
and expanded in sums of exponential terms.

In analogy with the expressions for current density, expressions for the wall-normal velocity gradient at the wall can be
obtained through derivation of (68). This gives analytic values for the wall shear stress.

The solution for conducting Hartmann walls is obtained if (74) is replaced by

®iy» =Ch Piy Cosr(pilz) + Sinlf(pilz), (85)

wherec;, depend on the conductivity of the Hartmann walls. The last term can be dropped fot/Jaegelc;, then disappears
from the solution equations.
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